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A task of mathematics educators is to introduce
various mathematical concepts into a comprehensive
mathematics program for kindergarten through grade 12.
The sequencing of these concepts is sometimes determinedby the mathematics involved, sometimes by the experiencesdeemed appropriate for the student's needs in his physical
surroundings, sometimes by the cognitive readiness of the
student, sometimes by tradition and sometimes by mere
chance. In the case of geometry,

the secAuence has tra-
ditionally followed the order of the historical develop-ment of geometry, that is, from Euclidean geometry to
the more general geometries.

Jean Piaget [14] contends that the child's conceptionof space actually develory; in rev-rse c' t is
t 'ons7 a, h. He ._E'3E.1-t: That t con-

a vc -p in the chi_ :rivi- fr7m the
to ten ical concets, then, are the projective and
Euclidean concepts.

The major purpose of this study was to test Piaget's
hypothesis, as outlined in The Child's Conception of
Space, that the four-yearald child's representational
space is predominantly topological in nature.

ORIENTATION TO THE PROBLEM

An analysis of Piaget's
experiments and those of

his replicators
concerning the child's development of



topological concepts is the subject of another paper.However, some mathematical and psychological backgroundwill prove useful for purposes of this paper.

Nathemati-cal Background

Ordinarily, a person regards a transformation asa change. In mathematics a transformation may be regardedas a rule
associating points of a set X with points ofanother set Y. The

transformation of special interestin topology is the
homeomorphism. If a

homeomorphismexists between the sets X and Y, then we say X and Y
are homeomorphic

or topologically
equivalent. A popular

misconception about
homeomorphisms is that if two setsare homeomorphic

(topoloally eouivlent), then itis possible to deform one the other rullin,bending, stretchin-, and
as lor- we do nottear. or break. Thi3 is in .-error. Howeve

converseis true. That is, a transformation which involves nomore than pulling, bending, stretching, shrinking, andin general, shape distortion is a homeomorphism. Thusif set Y can be obtained
by performing such distortionson a set X, X and Y are

topologically equivalent sets.For purposes of this paper, this intuitive notion of
homeomorphism and topological equivalence will suffice.More rigorous statements are available in all standardtopology textbooks and there. is-a rather discursive treat-ment in the

AuguSt-September, 1960, edition of The American



Mathematical Monthly [1]. A property-of a set X is saidto be a topological
Tiroperty if any set

homeomorphicto set X possesses that same. property. Thus
topolor,,icalproperties are those

properties of a set which remaininvariant under
homeomorphisms.

Some examples of
topological properties are interiorof a set, exterior of a set, boundary of a set, connect-edness

("one-piece-ness"), and openness and closednessof curves. Circles,
trianp;les, and rectangles are alltopologically equivalent. Some examples of non

--Pologicalproperties are
straightness, length of lines, n sizeof angles.

Contrasted with the
tcoologi,c1 transformat

(homeomorphsm) is the Eucli6an
transformation. Fouplyspeaking, a Euclidean

transformation ores-rves distancesbetween pair-3 or points. As result it will also pre-serve shape and size. These
transformations are alsocalled "rigid motions." A Euclidean

property of a setX is a property
preserved by a Euclidean

transformation.The Euclidean properties will include all the abovelisted topological properties as well as those
non-topol-ogical properties cited. The topological propertiesof a.figure form a subset of the Euclidean propertiesof that figure. Note that the

properties'of a figurecannot be
partitioned into Euclidean and'

topologicalproperties. -These categories are not disjoint. It wouldbe meaningless to state that a given figure is a topologicalfigure or a Euclidean figure.



Psycholo24ical Background

Piaget and
Inhelder [IA] have described a compre-hensive theory of the child's

conception of space. Theysuggest that the child's first concepts of space aretopological ones. The theory is consistent with Piaget'sdevelopmental theory and in particular with Piaget,
Inhelder, and Szeminska's [15] findings concerninF, thechild's concept of

measurement. In this work one findsThe transitio: from -,opolo
al relations toEuclidean rely .ons ,2nnot h effectd with-out the elabor-non c the t: din concepts ofdistance and c age c' positi-n. These devel-opments are sip _taneous in their occurence[15, p. 392].

Piaget's notion concept
7,omewhat differetfrom that held by mnn7 psycin

prding to TIkindEc A bri 7 COHr7:7 n :etwF;en the Piagetian and thedi. :riminative response versions with respect to environ-mental variability and content follows.
Environmental variability can be regarded as beingof two major types, variability between things and vari-ability within things [6]. The first type confrontsone with problems of similarity and difference, but thesimilarities and differences are those of spatially

discrete objects. The second type deals with variabilitydue to changes of state within an object or due to trans-formation on an object.
Consideration of the first typeof variability will determine whether or not an objectwill remain in that class after some change. For example



5
a vehicle may be classified as an automobile becauseit has selected similarities with other

automobilesand differences from
non-automobiles. But that auto-mobile may be painted, wrecked, or have a flat tire.Is it still an automobile to the child? This questionwould be answe-ed on the basis of the within variabilityof the child's oncept Accordin. to Elkind [6], Piagetis concerned wih both types of val,?bilit7 in his con-sertion tasks,

Just as thr are twr-) type of
everyconce-nt has to

in hf C=.7 77-e dis-
criminative

versT.Jn Cl concept concernsit: elf with the realm of objects that the concept pointsto or denotes. These exeplars of the concept constitutewhat is called the extensive content. But Piaget's con-servation problems are concerned with the assessmentof :intensive content as well as extensive
content. Theintensive content corresponds to the common features

connoted by all the exemplars of a concept. To Piaget,the
"intensive'-content of a concept is always relativeto the

transformations that leave
it_invariant [6, p. 181]."As Elkind says, "When the intensive
content is conceivedin terms of

transformations that leave the exemplar
a member of the class, we have a direct and novel wayof determining which .properties are regarded criticalto the concept [6, p. 182)."
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Piaget's emphasis on invariability through trans-
formations is especially

interesting in tai r-q of the
definition of a geometry

presented by the i mous math-
ematician Felix Klein in 1872. "A geometry is the study
of those properties of a set X which remain invariantwhen the elements of X are subjected to the transfor-
mations of some transformation

group [18, p. 70]."
The notions, Piaget's and Klein's, dovetail nicely
and have appeal as a means of studying t J'scor- mace .

In The Child's Conception of Space, Piaget is in-
vestigating the child's

representat4onal space. Thisis contrasted with perceptual space.

Perception is the knowledge of objects result-ing from direct contact with them. As againstthis,
representation. or im4inntion involvesthe evocation of objects in their absence or,when it rune parallel to perception, in theirpresence. It completes perceptual knowledgeby reference to objects not actually perceived[14, p. 171.

To illustrate, very young babies can distinguish betweencircular shapes and triangular shapes, but it is not
until much later that they can represent these figuresto themselves in thought [10, p. 1.

Representational space grows ..as a result of organi-
zation of actions performed on objects in space. At
first these actions are sensorimotor in nature. They
progress through an increasingly complex coordinationof overt actions and displacements until they reach the
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state of

internalized actions. The appearance of thesymbolic function, around the age of two yea-rs, enablesthe child to act not only on objects which are real andphysically present but also on objects whose presenceis only
imagined. Ilpwever, mental

representation isnot merely a recall from a memory bank. It is an active'reconstruction of an object at the symbolic level.Based on this theory, the
renresentational spaceof an adult would be quite different from that of achild. That of the adult would be the result of yearsof active

manipulations of his spatial
environment. Thechild has not yet

experienced such active
manipulation.Thus

representational space is the result of a
developing:process and not the result of an immediate

perceptual"mental snapshot" of the
environment.

To summarize,
representational space in the childdevelops slowly, beginning with the advent of the sym-bolic function at about age two years. The symbolicfunction allows crude

internalized actions. But theseearly
internalizations cannot be

coordinated into a systemactions. Gradually they become more complex, becomereversible in thought, and can be combined into systemsof actions. Piaget, in The Child's Conception of Space,traces this
development process through successive steps.He asserts

that.the child's
representational space ispredominantly

topological in nature until about six yearsof age. The
representational space begins to expand



to include
projective and

Euclidean
concepts at about

six or seven
years of age.

THE CURRENT STUDY

As was
discussed above,

according, to Elkind animportant aspect of concept
attainment to Piaget isinvariance under

transformation. A test was
designed

intended to measure whether or not the child's concep-tualization of space would demand that
topological pro-

perties of figures remain
invariant when those figures

were
subjected to

transformations. The
particular topol

ogical
properties selected for study were

connectedness
and openness and

ciosedness of curves.
Connectedness

was selected for study because of its
relative

importance
in topology and

because, as a
concept, it bears

simi-
larities to what

appears to be
Piaget's notion of con-

tinuity.
Openness and

closedness of curves were chosen
because the topic is found in many

elementary schooltextbooks.

The Test

The
measuring

instrument is composed of six items
(see

Appendix). Each item consists of a model
figure

either drawn on a 5 x 8
riotecard or made of

one-eighth
inch solder glued to a 5 x 8 piece

of
one-eighth inch

thick masonite, and three conies made in the samemanner as the
models, drawn or made with solder, and



presented on 5 x 8
notecards or masonite,

respectively.Copy A is
homeomorphic, or

topologically equivalent,to the model. Copies B and C, while not strictlyEuclideanly equivalent to the model, could representattempts at Euclidean
ecuivalence':- That is, they preserveas many

Euclidean propertfes of the model as is
consistentwith the fact that they have been altered so as to elim-inate a particular

topological property which the modelpossessed. Thus copies P and C nreserve propertiessuch as
straightness, curvature, line segment length,and angle size, whereas copy A fails to preserve theseproperties of the model. Pcwever, copy B fails to pre-serve the
topological pri '-rty of being connected. Andcony C represents a variation on the

topological pro-perties of openness and closedness of the model.No two of the model fi7ures are
topologically equiv-alent. Thus the model figures represent the widestpossible topological variety possible in a six itemtest. In addition the test includes both symmetric andnon-symmetric figures,

curvilinear and rectilinear figures,and several variations on openness and
closedness.

The Sample

The sample
consisted. of 90 subjects, 30 from eachof the ages 4, 6, and 8. At each age level

childrenwere selected
randomly, with the_age

constraint, fromthree sources. The 6 and 8 year old
groups. were composed
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of children from a rural county school, an Athens, Georgia
private academy, and an Athens public school, te% children
from oach source at each ac:e level. The 4 year old group
was composed of children from two nurseries and a cay-
care center in Athens. All age levels were heteroc;eneous
with regards sex and race. lean CA was 58 months for
the 4 year olds, 79 months for the 6 year olds, and 106
months for the 8 year olds. ARe groups for the study
were chosen with consideration given to Piaget's theory
of cognitive development to reflect behaviors in succes-
sive stages of development.

Administration

During personal interviews the model figures were
presented one at a time and random order to each
child. As a motel figure was presented to a child for
examination, the child was encouraged to remember the
model because it would be taken away. After the child
had examined the figure to his satisfaction, the model
was taken away and the child was confronted with the
three copies of the model. The child was asked to select
the copy "most like" the modr1 and the "worst" copy
of the model.

The test was administered in four modes in the following
order to each subject:

(1) tactile examination of model, tactile selec-tion from copies;
(2) visual examination of model, tectile selec-tion from copies.;
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(3) tactile examination of model, visual selec-tion f-r)m f-nnies;
)

Aation of model, visual selec-

During; th
,Jortions of the test the suoject

wore a blindfold.
The test modes were administered

in the order indicated above in order to minimize the
child's viewing the figures prior to feeling them.
Because of the limited attention span of the children,it was necessary to administer .the test in two sittings.
'odes (1) and (2) above were given during the first
session which lasted approximately 25-35 minutes. The
remaining two modes, (3) and (4), were given during
a second session which usually lasted 15-25 minutes.
Generally the two testing sessions were two days apart.In no instance were both sessions held on the same day.

In addition to selecting conies "most like" the
model and "worst" copies of the model, each child was
asked to draw copies of the last model examined in the
tactile examination - tactile selection test and in
the visual examination - visual selection

test, modes
(1) and (4)

respectively. Following the selection of
the "most like" and the "worst" for all items in mode
(1), the last model examined was presented to the child
again for tactile re-examination. He was asked to draw
a picture of what he thought it looked like based upon
his tactile

exploration. When the child
indicated that

he was ready, the mask was raised and the child made
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his drawing. If he wished to feel the figure ar,ain, hewas allowed to stop drawing, replace the mask, and feelthe figure once more. He could then raise his mask oxidcomplete his drawing. He was not

allowed to view themodel figure until after his drawing was
completed. Afterthe completion of the mode (4)

Portion of the test, thechild was also asked to
re-examine the last model hehad viewed, in

preparation for drawing his own copy ofthe model. He was allowed to interrupt his drawing onceand re-examine the model, but the model was not in viewduring the actual drawing.'

An outline of the
administration of mode (4)the test follows.

Interviewer: "1 am going- to show you a picture.
Please look at it

carefully. Then I am going
to show you some

drawings which are copies of
that picture. You are to tell me which of the
drawings is the cony most like the first picture
and which drawing is the worst copy of the
first picture. There is no right or wronganswer. I just want to know what you think."Hold up 5 x 8 card with model figure drawn
on it (models to be presented in random

order)."Look at this picture. Try to remember what
it looks like because I am going to take it
away so that

you can't see it again."
Hold model in view until child is

satisfied.
The child may hold the card. Remove model,
from view.

Present the three
copies of themodel, each on separate 5 x 8 cards. Vary

the display of the copies on each item so
that copies A, 13, and C are not always in
the same relative

positions.
"Now please tell me which one of these ismost like that picture we were just looking
at."

"Which one do you think is
the worst copy?"



After all six items have been given and responsesrecorded, present the last model figure to thechild again for visual
examination.

"Would you look at this shape again for me?I would like for you to draw a picture of it.en you think
you're ready I'll take it awa-1 vou can draw your picture right here."L.nt pencil and caper to child. "Afterstart drawing, you may look at the pictureone more time if you want to."

Interviews for the other test modes were similar to the
one described above, with appropriate adjustments madefor the particular mode.

Test Rationale

Since the model figures are not available for
examination,either tactile or visual, during the child's E.lectionsof the "most like" and the "worst," it is necessary forhim to reconstruct an image of the model in his repre-

sentational space. The reconstructed image is then comparedto the copies. The copies themselves represent resultsof
transformations on the model. Copy A is the result

of a homeomorphism and hence preserves all topological
properties of the model. Copies B and C preserve as
many Euclidean

nroperties of the model as is consistent
with the fact that they have been altered so as to eliminatespecific topological properties which the model possesses.In a discussion of the drawings of children in what
Piaget calls Stage II (about 4;0 - 6;6), he says "the
topological relationships ... are now universally appliedto all shapes, and in the case of conflict

prove stronger
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than more recently

acnuired ones [14, p. 501." Laterin the sane discussion he states that although projectiveand euclidean
relationships begin to develop duringStage II,

"representation is still
essentially topological[lh n. 50]." Of the Sta,;e T children (about 3;0 4;0),reported that "the feature which strikes the child-ren first and foremost in whether a shape is open orclosed, and also, ... whether there is anything insideor outside the closed

contour [6, p. 61] ."
Laurendeauand Pirard reported that the child who is unable in ahaptic (tactile) perception task to identify a shape hehas felt prefers a shape

ho7eomorphic to it [8, p. 62,64, 67]. Not until Stage III
(beginning about 6;6 or7;0 years), they concluded, do
"distinctions made bythe child go beyond the

ele7..entary level of
topologicalsuccessess to be linked more and mare with the Euclideanor metric

characteristics ... [8, p. 110]."
The above

statements reflect Piaget's hypothesismvthat the
representational space of the child is firsttopological in nature

-latervdeveloping to include
Euclidean concepts. If topological concepts developbefore Euclidean concepts and if invariance under trans-formation is critical in concept

attainment, it seemsreasonable to expect
children from the four year oldage group to designate the cony which is

topologicallyeauivalent to the model, that is copy A, as the copywhich is "most like"
the*ffiodel. Since both copies B



15and C lack specific
topological

nroperties of the model,one would expect the sane children to select the "worst"copy from copies B and C. If Euclidean concepts beginto gain
dominance after about ace six, to expect the olderchildren to designate copy B or copy C as best and copyA as worst would seem

reasonable.

Design

The study utilized a mixed design with one between-and one within
subjects variable. The

between-subjectsvariable is age and the within subjects variable is testmode. Since specific age groups are under
investigationusing specific testing modes, both age and testing m6eare fixed

factors. A diagram of the design is
presentedin Table 1.

TABLE 1

Design of the Study

Testing node
(1)

(2)
(3)

(14)4

Age 6

8

R
1-30 --- _1-3o

R1-30 R
1-30

....

R
31-60 R

31-60 R31-60 R
31-60N1

R61-90 R
61-90 R

61-90* Ri_j
indicates subjects R to Ri.
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Data Analysis and Results

The test consisted of six items given to each child

in four modes. For each item the child indicated a

"most like" preference and a "worst" preference. Thus

each child received two scores for each testing mode,

a "most like" preference score and a "worst" preference

score. Both scores have a range from zero to six.

Means for both types of scores were tested against

chance means by using one-tailed "t" tests. The chance

mean "most like" preference score is four and the "worst"

preference score chance mean is two. "Most like" scores

significantly above chance scores would be an indication

that the child's representational space is not predom-

inantly topological in nature. "Worst" preference scores

significantly above chance would be a somewhat stronger

indication of the same thing. For high "worst" preference

scores indicate that not only were non- homeomorphic copies

of the model considered "most like" the model but also

the homeomorphic copy was considered to be the "worst"

copy of the 'model. Actual mean scores and their asso-

ciated variances are presented in Tables 2 and 3.

For the test modes (3) and (1), mean scores based

on the number of times copies which were not topologically

equivalent to the model were selected as being "most

like" the model were significantly (0.01) above chance

means at all age levels. In addition the mean score

for the 4 year olds was significantly (n<.05) above chance
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for made (2). The remaining five means based on the
mo::, like" .,iterion were not significantly

above chance.
The mean scores based on the number of times the topolog-
ically equivalent copy was selected as the "worst" copy
of the model were significantly (p'.01) above chance
means for modes (3) and (4) at all age levels and for
modes (1) and (2) for 8 year olds. In addition the
mean scores for the 6 year olds was significantly above
chance (p<.05) for modes (1) and (2). The only "worst"
preference score means failing to be significantly above
chance at either the .05 or .01 level were for the four
year olds in modes (1) and (2).

In addition to comparing mean scores to chance
means, both "most like" and "worst" preference scores
were subjected to analysis of variance. For both types
of scores the contrast was age x test mode. The ANOVA
information is reported in Tables 4 and 5.

An indicated by Tables 4 and 5, test mode was a
significant source of variance for both the "most like"
and "worst" preference scores. That is, the test mode
had a'significant (p<.01) effect on the means of these
scores. Age had a significant (p<.05) effect on the
"worst" preference scores but not on the "most like"
preference scores. There was no significant interaction
between age and mode for either type of score.

Since the F-ratio's indicated significant differences
among the mode means for both types of scores and significant



TABLE 4

A x N
ANOVA for Most Like

Preference Scores
Source of
Variation

df M.S.
Between R

A (.age)
2

.448
.209R/A (residual) 87

2.139 No TestWithin R

N (mode)
3 2l.935

21.935**AM
6 1.300

1.300RN /A
(residual) 261

1.000 No Test

**.01 level of
significance

TABLE 5

A x N ANOVA for Worst
Preference Scores

Source of
Variation

df
M.S.

Between R

A (age)
2

12.187
3.106*R/A (residual) 87

3-923 No TestWithin R

N (mode)
3 70.684

40.623**AM
6

1.374
.790RM/A residual 261

1.74 No Test

*.05 level of
significance**.01 level of
significance
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differences among the age means for the ",t preference
score, Duncan's multiple range test was applied to deter-
mine which means caused the differences. Results are
displayed in Table 6.

TABLE 6

Differences Indicated By Duncan's
Multiple Range Test

a.

Mode Means: Most Like Preference Scores

(1) (2) (3) (4)
11.1115 4.180 5.026 5.007

b.

Mode Means: Worst Preference Scores

(1) (2) (3) (4)2.383 2.570 4.074 3.932

c.
Age Means: Worst Preference Scores

Age 4
2.874

Age 6 Age 8
9.454 3.392

'',Any two means not underscored by the sameline are significantly different. Any twomeans underscored by the same line are notsignificantly different.

The analysis of variance indicates that test mode
effected the children's "most like" and "worst" preference
scores. When children chose by using theirsense of
sight, their respective scores were significantly higher
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than their

scores. where the sense of touch was used forthese
selections. Also four year old children tendto choose the copy which is

topologically
equivalentto the model as the "worst" copy less often than theolder children.

An important question is "How do these results relate
to Piaget's

hypothesis that
topological

representationprecedes-Euclidean and proective
representation?" Sincethere was no

significant
interaction between age andmode, the

differences attributed to mode are for allages. Therefore the analysis yields no evidence thatage effects the
children's "most like" preference scores.Four year olds

sacrifice topological
properties of themodel in their selections as freely as do eight yearolds. And as shown in Table 2, mean scores for the fouryear old age group are at or

significantly above chancelevels. On..the basis of Piaget's
hypothesis, one wouldexpect these scores f;() be

significantly below chancelevels.

However, the Duncan's Multiple Range Test showsthe four year olds
more reluctant as a group to selectthe copy which is

topologically equivalent to the modelas the "worst" copy. If the
representational space ofthe four year old is

predominantly
topological, he shouldbe reluctant to designate the

topologically equivalentcopy of the model as the "worst" copy. But another lookat the mean scores in Table 1 shows that the "worst"
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preference 3core means for the four year old group are

at or above chance levels in all four testing modes.

The means are never below chance levels as would be ex-

pected if the four year old's representational space

is predominantly topological. Thus despite the fact

that the "worst" preference scores for the four year

olds tend to be lower than the same scores for the six

and eight year olds, they still are too high to support

Piaget's theory concerning spatial representation.

Analysis of. Drawings

Each child made two drawings. Drawings were first

separated according ,to the sensory mode used for model

examination. Then they were separated according to

item number. Finally all drawings were evaluated by

two independent judges and placed into categories on

the basis of Properties of the model which the drawing

exemplified. These categories are;

Non-Homeomorphic Drawings
(1) NO discernible properties,
(2) Some Curvilinearity,
(3) Some Rectilinearity,
(4) Quasi-Projective copy;.

Homeomorphic Drawings
(1) Topological properties only,
(2) Some Curvilinearity,
(3) Some ectilinearity,
(4) Projective copy.

The two major divisions are based upon whether or

not a drawing is topologically equivalent to the model

which it represents. Within the non-homeomorphic draw-

ings of the model, cases where there was no drawing
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attempted or where the attempt resulted in only scribblewere placed into the "no discernible Properties" class.Cases which were beyond

mere scribble and which
displayedsome elements of

curvilinearity or
rectilinearity wereplaced into cate 3 (2) or (3),
respectively, of the

non-homeomorpha,: .,ies.

It is important to note that the
classificationof drawings is based upon the properties of the modelwhich the drawing preserves. A drawing showing onlycurvilinearity while the

corresponding model has no
curvilinearity would not be placed into category (2)but into

category (1). A similar
statement applies to

rectilinearity. Thus the
curvilinearity category is notapplicable to the strictly rectilinear models such asmodel figures (1) and (4) of the test. The

rectilinearitycategory is not
applicable.to strictly curvilinear modelssuch as model (6). Model figures (2), (3), and (5) con-tain elements of both

curvilinearity and
rectilinearity.For these

models, the some
curvilinearity" category issubsumed within the "some

rectilinearity" category. Thatis, placement of a drawing into the "some
rectilinearity"category may be interpreted that the drawing also demon-strates some

curvilinearity. While such an
interpretationcould have

theoretical
inconsistencies, it worked quitewell in practice for drawings of models used on thistest.
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Properties only" cateory is inrtledfor drawings which are
topologically enuivalent to themodel beyond

topological proper. tie:;. Such a drawinn: wouldresemble copy A of the model.

Drawings classified as "projective"
copies of theirrespective models

exemplify all
topological propertiesof the model. In addition,

straightness, "good" curvature,intersection of lines,
convexity, angle

presence, andnumber of angles are preserved. Such
non-projectiveproperties as

parallelism, angle measure, and lengthare not
necessarily preserved by these

drawings. Whilein a strict
mathematical sense some of these

drawingsare not true projective copies of their respective models,the term
'projective' was considered a good

descriptive,lable for the caterory.
"Quasi-projective" conies fitthe

description of projective copies as nearly as ispossible and still fail to be
topologically equivalentto their

respective models. In this respect they resemblecopies B and C used in the
administration of the test.Drawings tended to improve as the age of the

childreninc:-eased (see Tables 7 and 8).
Drawings by the fouryear olds based on tactile

examination fell into the"non-
homeomorphic drawinRs" category 90 percent of thetime. And most of these showed no

discernible propertiesof the models they represent. Only 30 percent of theeight year olds'
drawings based on tactile

examinationfell into the
"non-homeomorphic drawings" category. In41s,
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contrast to those of the four year olds, the drawAngsof the ei
year. olds displaye- an ability to draw

projective copies of the models. In light of this ability,it is
hypo7hesized that, given the opportunity, eightyear olds could have selected a projective or Euclideancopy as "most

like" the model figure.
This h7.pothesis is supported by the fact that 90percent of the eight year olds drew homeomorphic, tendingto be projective, copies following the visual portionof the test. That they chose

non-homeomorphic copiesas "most like" the models and homeomorphic copies as"worst" copies of the models more often than chance suggeststhat even though they possibly were capable of preservingboth topological and
non-topological properties, theypreferred the copies to have the

rectilinearity and/or
curvilinearity when forced to discard

some propertiesof the model.

Drawings of the four year olds were generally betterarter the visual portion of the test than after the tactileportion. Although 60 percent of the drawings were stillin the
non-homeomorphic category, there was improvementin representing some discernible

properties of the models.However, drawings as analyzed in this study did not indicatethat the
representational space of four year olds

predominantly topological in nature.

Additional comparisons of the drawings of individualchildren with their
selections of "most like" and "worst"

is
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CG es the particular

c-pdel: which they drew
sur-,Restefol... wing

hypothesis. It Is not attention to topolog-or .E"rties, per se, which enables children to drawhe omor ic copies. It could be instead the 'increasingcc Tina on of Euclidean
or projective

properties whichor ices
homeomorphic drawings. For Droner coordi-

)n of nrojective properties results in automatic
11-,_servation of topological

properties.

CONCLUSIONS

Attempts to confirm Piaget's theory of the child's
conception of space have largely taken the form of repli-cations. There have been few ouestions raised about the
appropriateness of his tasks to measure topological
concepts. Replicators such as Lovell [9], Dodwell [3],
Laurendeau and Pinard [8], and Peel [13] vary Piaget's
tasks only slightly. Consequently the fact that they
obtain results similar to Piaget's should not be sur-
prising. Replications are necessary but cannot provide
information for making

generalizations. They cannotprovide information for deciding whether or not the
phenomenPobserved by Piaget are task specific'.

This study was an attempt
to provide such information.Results do not support the theory that

topological conceptsdevelop prior to Euclidean and projective concepts inthe child's
representational spac. None of the means-.cre in 'Tables 2 or 3 indicate that the four year old's
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representational space is predomi tonolo7ical. In

modes (2), (3), and (4) four year olds actually preferred

the non-homeomorphic conies of the model as "most like"

the model significantly above chance expectation. In

addition they selected the homeomorphic copy as the "worst"

copy of the model significantly above chance levels in

modes (3) and (1!). Analysis of Variance and Duncan's

Multiple Range Test failed, to produce evidence that

topological concepts dominate the four Year old's repre-

sentational.

Ninety percent of the drawings made by the four

year olds after tactile examination failed to be topolog-

ically equivalent to their respective models. The percent

of drawings for the four year olds which were topologically

equivalent to their respective models increased to 40

Percent after visual examination. Yet not one four year

old made a drawing which preserved only topological pro-

perties. It is hypothesized that it is the increasing

coordination of the projective and Euclidean concepts

which produce the homeomorphic drawings.

This study should not be interpreted as a refutation

of Piaget's theory of the development of representational

space. Only two topological nroperties were under con-

sideration, namely connectedness and openness and closed-

ness of curves. Studies are needed to investigate other

topological properties. Also, other tasks should be

used to investigate the properties of concern in this study.



Piaget's The Child's Conception of Sac e has not
received nearly the attention that his The Child's Conceptionof ?Tumber has received. Yet the geometry content in the
elementary school is

changing rapidly.
Diap;et's theorythat tobological properties develop first in the childis increasingly used as a rationale for structuring

the geometry sequence. A theory such as Piaget's, withits possible
implications for the elementary mathematicscurriculum should be dealt with more thoroughly thanhas been the case and from various viewpoints, mathematicalas well as psychological.
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